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1. Introduction 



Using the submanifold quantum mechanical scheme [dC, JK], the restricted Dirac op- 
erator in a /c-spin submanifold immersed in euclidean space E n (0 < k < n) is defined 
[BJ, Mat 1-10]. We call it submanifold Dirac operator. Then it is shown that the zero 
modes of the Dirac operator express the local properties of the submanifold, such as the 
Frenet-Serret and generalized Weierstrass relations. In other words this article gives a 
representation of a further generalized Weierstrass relation for the submanifold. 

Before we start to explain the idea of the submanifold quantum mechanics, we will recall 
three facts. 

(1) Let us consider a left-differential ring P and its element Q over a manifold M. In 
the book of Bjork [Remark 1.2.16 in Bj], it is stated that to treat its adjoint right 
operator is difficult. Its essential is as follows. Assume that M is Riemannian. For 
smooth functions fi and whose support is compact, we consider the following 
integral as a bilinear form of f± and f2 formally 



What is a natural adjoint of Q? One might regard an action to f\ obtained by 
partial integral as its adjoint. However there exists an obstacle because the measure 
depends upon the local coordinate. Hence concept of adjoint operator is very subtle. 
(2) In a quantum mechanical problem, we sometimes encounter the situation that for 
an eigen function (and thus its zero mode) ip of a differential operator P, 



is a vector of a representation space of a group G. In the case, if one finds a solution 
of PiJ) = 0, he obtains a representation of the group G. 

Further suppose that P is decomposed by P = Pi +P%. Let us consider a kernel 
of P2, KerP2, in a certain function space. If an element G KerP2 satisfies 




(1-1) 



Prj, = Ei/j, 



(1-2) 



1 



(1-3) 



we also obtain a representation of the group G. 
(3) In the quantum mechanical problem over a manifold M, there are typical two 
pairings for the function space over M in general, i.e., 1) global pairing <,> 
induced from L 2 -norm, such as (1-1) and 2) point-wise pairing • which is connected 
with the probability density. (Of course, the point-wise pairing can be regarded as 
< o, 8(p)x > in terms of the Dirac distribution 8() at p in M.) 

Even though the concept of adjoint operator is subtle, we could define a natural adjoint 
operator if the measure is fixed by some reason, e.g., Haar measure. We note that the 
ordinary Lebesgue measure in a euclidean space E n is a typical Haar measure of the 
translation group. The quantum mechanics in E n is based on the measure and concept 
of the adjoint operator plays essential roles. In such a case, by fixing a typical measure 
and L 2 -type paring <, >: O* x O — > C, for an operator QeP whose domain is O, we can 
define a right-adjoint operator, Ad(Q), with the domain Q* by 

< /, Qg >=< fAd(Q), g >, for (/, g) G Q* x O. (1-4) 

Assume that there is an isomorphism ip between domains O and O* as a vector space, 
(p : Q, — > O*. Then we can define the left-adjoint operator Q* as Q*f := p~ 1 (p(f)Ad(Q)). 
Triplet (fi* x O, <, >, p) becomes a preHilbert space H by letting the inner product (, ) ip : 
O x o C be (f,g) v :=< <p(f),g>. (Then (P*f,g) v = (f,Pg) v .) 

Suppose that Q G P is self-adjoint, i.e., the domains of Q* and Q coincide and Q* = Q 
over there. Then we have the following properties: 

(1) The kernel of Q, KerQ, is isomorphic to the Ker(Ad(Q)) i.e., 

(Ker(Q))* := p(Ker(Q)) = Ker(Ad(Q)) 

(2) ((KerQ)* x KerQ, <,>,<p) becomes a preHilbert space. 
The projection tc from O* x O to (KerQ)* x KerQ is commutative with cp, i.e. 

= 7r|n*^, (p(n\ n f) = n\ n ,p(f) = p(f)Ad(n\ n )). (1-6) 

For 7T satisfying (1-6), we will say that 7r consists with the inner product. In fact (1-6) 
means that %n* = due to the relation 7r|n*/ = p~ x (<p(f) Ad(7r\n)) = 7r|n/. 

Next assume that P2 is not self-adjoint in the preHilbert space H = (O* x Q, <, >, (p). 
Even for the case, if P 2 is a certain operator, we could construct a transformation ?7 sa of the 
preHilbert space and its operators, and find a preHilbert space H' satisfying the following 
conditions, 

(1) There exists an isomorphism ?7 sa : fi* x O — > O* x O as a vector space. 

(2) By defining a pairing < o, x >p 2 :=< r/ sa |n*o, ?7 sa | n x >, and (p := 7] sa \n* pn^ 1 \^, 
n'=(Q*xQ,(,),0). 

(3) An operator P for Vt is transformed as r} sa \o,*Pr]~^\^ l 

(4) P 2 itself is a self-adjoint in H'. 
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(1-5) 



We call ?y sa self-adjointization: r] sa : Ti — > Ti' . Of course, the self-adjointization is not a 
unitary operation for P 2 . 

As mentioned above, Ker(.P 2 ) C O also becomes a preHilbert space denoted by Ti" := 
((Ker(P 2 ))* x Ker(P 2 ), (, ), <fi)- Letting the projection of Ti' — > W be denoted by 7rp 2 , we 
have a sequence, 

This sequence is a key of the submanifold quantum mechanics. Instead of considering 
Pip = Eip in Ti, we might search a solution of / in r) sa (P)ipi = Eipi in Ti". 

Let us explain the idea of the submanifold quantum mechanics. We note that for a 
smooth fc-submanifold S embedded in the n-euclidean space E n (0 < k < n), we can find 
a natural adjoint operator for a differential operator defined over S by fixing the induced 
metric of S from E n , even though S is a curved space. For a Schrodinger equation in E n 
with the L 2 -type Hilbert space H, 

-Aip = Etp, (1-8) 

we should regard the Laplace operator A as a Casimir operator for the Lie group with 
respect to the translation. By considering A over a tubular neighborhood of S, A includes 
the normal differential operator d±. We regard the normal differential d± as above P 2 - As 
<9_i_ is not self-adjoint in general, we step the above sequence. In the self-adjointization ?7 sa , 
we obtain an extra potential in the differential equation. By considering kernel of purely 
normal component of the differential dj_ and restricting the its definition region of rj sa (A) 
at S, we define a differential operator, 

Ag^Er, := ??sa(A)|Ker<9js- (1-9) 

Then it turns out to be 

A s ^ En =A s + U(Ki), (1-10) 

where As is the Beltrami-Laplace operator on S which exhibits the intrinsic properties of 
S and U(Ki) is an invariant functional of principal curvature k's of S in E n . 

Due to the self-adjointness of d± in H", we are allowed to consider the Hilbert space 
H" for As^E n naturally. The point- wise product in Ker(d±)\s also has meaning; the 
probability density is well-defined there. Thus we can consider the submanifold Schrodinger 
equation, 

-A S ^ E "V' = Eip, 

as a quantum mechanical problem and a representation of translational group. 

For the case a smooth surface S embedded in E 3 , by letting K and H denote the Gauss 
and mean curvature, we obtain 



A S ^ E3 = A s + H 2 - K. 
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(1-11) 



Hence it is expected that A^^n and its zero mode exhibit the extrinsic properties, e.g., 
umbilical points, of the submanifold. 

The submanifold quantum mechanics was opened by Jensen and Koppe about thirty 
years ago and rediscovered by da Costa [JK, dC]; even though they did not mention es- 
sentials of the submanifold quantum mechanics as described above, they obtained A$^E n - 
We should note that as the above operation is local, our consideration can be extended to 
an immersed submanifold S in E n . 

As I have been considering the Dirac operator version of above quantum system for 
this decade [Mat 1-10], which is our main subject in this paper. In the investigation of the 
Dirac operator, we should recall the fact that solutions {\I>} of the Dirac equation, 

JZ)e™^ = 0, 

locally represents the spin group. By letting • denote point-wise pairing, (<p p t x 
{^}, •, <fi p t) for a certain map <p pt becomes a preHilbert space and for an appropriate 7 ma- 
trix and solution ifi pt {^>)^ exhibits a section of the SO(n) principal bundle SOE»(2TE n ) 
over E n . 

Thus we apply the submanifold quantum mechanical scheme to the Dirac operator over 
a /c-spin submanifold S immersed in E n . Then we have a representation of SOe« (2TE n ) |s 
at S immersed in E n , which is the generalized Weierstrass relation. Our main theorem is 
Theorem 3.15. 

The organization of this article is as follows. Section 2 devotes the preliminary on 
the geometrical setting [E] and conventions of the Clifford module and its related objects 
[BGV, Tas]. In §3, we give an construction algorithm of the submanifold Dirac equation 
and investigate its properties. Section 4 gives its example. 
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§2. Preliminary 

4 



As we consider a restriction of the differential operator and the function space over a 
manifold, we should deal with it in the framework of the sheaf theory and thus we employ 
the following notations. 

2.1 Conventions. [Mai] For a fiber bundle A over a differential manifold M and an open 
set U C M, let T(U, A) denote a set of smooth sections of the fiber bundle A over U. 
Further for a point p in M, let T(p, A) denote a stalk at p of a set of smooth sections of 
the fiber bundle A. 

Further we use Einstein convention and let C (R) denote the complex (real) field. For 
brevity, we use the notations <9 u m := d/du^ for a certain parameter u^. For a real number 
x G [n, n + 1) and an integer n, [x] denotes n. Let Cm (Km) denote a complex (real) line 
bundle over a manifold M. 

In order to define the submanifold Dirac operator, let us consider a smooth spin k- 
submanifold S immersed in n euclidean space E n . As mentioned in §3, the Dirac operator 
can be constructed locally. Thus in order to simplify the argument, we assume that S 
satisfies several properties as follows. 

2.2 Assumptions/Notations on the submanifold S and Tg. 

(1) Let S be diffeomorphic to lR fc as a chart (s 1 , • • • , s k ) e K fc . 

(2) Let a tubular neighborhood of S be denoted by T$, ir Ts : T$ — > S. 

(3) Let T s have a foliation structure by (dq & = 0)a=k+i,- ,n, T s w M fc x R n " fc 9 
(s 1 , • • • , s k 7 q k+1 , ■ ■ ■ , g n ) = (it 1 , • • • , u n ). (Let beginning of Greek indices a, /3 run 
from 1 to k and those with dot a, (3 run from k + 1 to n. Let the middle of Greek 
indices n, v run from 1 to n.) 

(4) Let each leaf of the foliation parameterized by q = (q k+1 7 ■ ■ ■ q n ) be denoted by S q ; 

S q =0 = S. 

(5) Let gT s , 0s q and denote the Riemannian metric of T s , S q and S induced from 
that of E n respectively. 

(6) Let g Ts ij := QT s (9 x i,d x j), gr s w '■= St s (d u *, d u *), g Ts ■= detg Ts ^ and so on 
for T s , S and E n . 

(7) Let (dq a )a=k+i,--- ,n be an orthonormal base Qs q (d q &, d p) = 5 d ^ and satisfy 
St s (dq A ? d s a) = for a = 1, • • • , k and a = k + 1, • • • , n. In other words, we 
have 

8T S = Qs q © $ A pdq & ® dq p . (2-1) 

(8) At a point p in S q , let an orthonormal frame of the cotangent space T*S q be 
denoted by d£ := (df) := (d( a ,dq"). 

We call this parameterization q satisfying (2)- (7) canonical parameterization. 
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2.3 Notation. For a point p of S, let Weingarten map be denoted by —7^ : T P S — > T p E n ; 
for bases e a of TS and §g e TS^ (T p E n = T p S © TpS^), 

7/j(ea) := d a e $ = n/ & $a e & + 7%^. (2-2) 

It is not trivial whether a submanifold in E n has the canonical parameterization q or 
not in general. However it is not so difficult to prove that a local chart of the submanifold 
has canonical parameterization. In the proof, 2.2 (7) requires some arguments on the 
Weingarten map but by tuning the frame in (2-2) using SO(n — k) action, we can 
construct it due to the following Proposition [MatlO], which guarantees the existence of S 
satisfying the assumptions in 2.2. 

2.4 Proposition. For a base e a of TS, there is an orthonormal frame = 5^pdq^ G TS 1 - 
satisfying 

d <* e $ = 7 P p a e P- ( 2 - 3 ) 

In terms of the properties, we have the moving frame and the metric as follows. 

2.5 Lemma. For the moving frame e„ = S^^dq 13 in Proposition 2.4, the moving frame 
E M = E l ^di, (E 1 ^ = d^x 1 ) in S q is expressed by 

E\ = e\ + q^ a ^^ E\ = e\. (2-4) 

Proof. As a point x = (x l ) in S q is expressed by x = y + e^g" using y := 7Tt s x, we obtain 
them. □ 

2.6 Corollary. Let g Ts := det nxn {g Ts ^_ v ), g Sq := det kxk (g Sq , a ./3) and g s := Qs g \q=o- 

(1) g Ts = g Sq - 

(2) g Sq is expressed as g Sq = Qs + 0s V* + fls ) (? a ) 2 , and locally 

9TS q (d a , dp) = g Sa( 3 + [7 7 « a #s 7 /3 + Qs^^K + b^aSs^^kV- (2-5) 

(3) When we factorize gs q as gs q = gs ' Ps q , the factor ps q is given by 

p Sq =l + 2tr fcxfc ( 7 %3)^ + 

+ (%VV), (2-6) 
where O is Landau symbol. 

Further we will recall properties of Clifford algebra and its related quantities, and show 
our conventions of them. 
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2.7 Clifford Algebra and Spinor Representations. [BGV, Tas] 

(1) Let CLIFF (R n ) denote the Clifford algebra for the vector space R n and let 
CLIFF c (IR n ) := CLIFF (R n ) <g> C. Let CLIFF ceven (M n ) denote the subaglebra of 
CLIFF c (M n ) consisting of even degrees of generators in CLIFF c (R n ). Further let 
SPIN(R n ) denote the spin group for R n . 

(2) For the exterior algebra AR n = ©"—g A- 7 R n , there is an isomorphism as a vector 
space, called symbol map CLIFF(R n ) — > AR n . Let its inverse be denoted by 7, 

7 : AR n CLIFF(IR n ), (2-7) 

which is called gamma-matrix. 

(3) For even n case, let Cliff (R n ) denote a CLIFF c (R n )-module whose endomorphism 
is isomorphic to CLIFF c (R n ), which is a 2t n / 2 l dimensional C- vector space. For 
odd n case, let Cliff (R n ) denote a CLIFF c (IR n )-module whose endomorphism is 
homomorphic to CLIFF c (R n ) as a 2t n / 2 l dimensional C- vector space representation 
and elements are invariant for the action of 7(61)7(62) • • • 7(e n ). Here e\, e%, • ■ • ,e n 
are ortho normal base of R n . 

In order to simplify the argument, we will fix the expressions of the 7-matrices and so 
on as follows. 

2.8 Conventions. 

(1) We recall the fact CLIFF c (M n + 2 ) w END(C 2 ) ® CLIFF c (IR n ), where END(C 2 ) is 
the endomorphism of C 2 and END(C 2 ) can be generated by the Pauli matrices: 



ao:= (o 1)' ai:= (i 0)' ° 2 '- = 

(2) For even n case, noting CLIFF c (R n ) 

7(ei) = (7i (g) (7i <g) • • • 
7(e 2 ) = <7i <g) 01 <g) • • • 

l(e3,) = G\ ® f 1 ® ■ ■ ■ 

7(e 4 ) = 01 ® o\ ® ■ ■ ■ 
= 01 <8> 01 <8> • • • 




END(C[ n / 2 l), we use the conventions, 

• <g) 0-i ® 0i <g) 01 ® 01, 

• <g) 01 ® 01 ® 01 <S> 02, 

• <g> 01 ® 01 ® 01 ® 03, 

• ® 0i (g> 0i ® 2 <S> 00 

• ® 0i (g> 0i ® 03 ® 0Q 



7(e n _i) = 0i ® 03 <g> <S> 00 <S> cfq <S> 00 <H> 00, 

7(e n ) = 2 ® 00 ® <8> 0o ® o"o ® o"o <H> 00 • (2-9) 



(3) For odd n case, noting 
the conventions, 



CLIFF c (R n ) « END(C( n " 1 )/ 2 ) © END(C^ n_1 ^ 2 ), we use 



7(ei) = (7i ® (7i <S> <8> en ® <J\ ® <J\ ® t, 

7(e 2 ) = cri ® (Ti ® ® (Ti ® (Ti ® a 2 ® 1, 

7(e 3 ) = (7i ® (Ti (g) ® (Ti ® (Ti ® (T3 ® 1, 



7(e n _ 2 ) = <ti <8) 03 ® <S> ctq ® ctq ® &o <8> 1, 

7(e n _i) = cr 2 <g> cro <S> ® ao <E> <jq ® cfq ® 1. 

7(e n ) = cr 3 ® cr <g> <g> cro ® <r ® a <g> 1, (2-10) 

where e is defined as the generator of CLIFF (R) = M[e]/(1 — e 2 ). 

(4) By introducing b + := an< ^ := (l^)' Cliff (M.") is spanned by the bases 

S £ = b £l ® b e2 ® ® 6^,^ ® 6 e[n/2] , (2-11) 

where e = (ei, e 2 , • • • , e[ n /2]) and e a = ± (a = 1, • • • , [n/2]). Similarly, Cliff (R n )* 
is spanned by 

S e = b ei <g> 6 £2 ® <g> & £[ „ /2H ® 6 e[n/2] , (2-12) 

where 6+ := (1,0) and 6_ := (0,1). By appropriately numbering, let (c = 
l,--- ,2t n / 2 ]) denotes each e. The isomorphic map (p : Cliff (M n ) -> Cliff(M n )* is 
given by 

2 [n/2] 2 [k/2] 

¥>( a c S e[ c]) = «cS e[ c], (2-13) 

c=l c=l 

for a c G C and its complex conjugate a c . 

(5) Defining 6l := -L ( J ) , (, 2 := -L ( ^ , := ( J) , 6, := -^(1,1), 6 2 := 

-^(l.-v 73 !) and6 3 := (1,0), 

ba&bba = <5a,& 5 (a, 6 = 1, 2, 3), ( not summed over a). (2-14) 

(6) For j = I,-- - , [n/2], define 

^(2j-i) : = ^ ^ (g) . . . (g) ^ (g) 6 3 (8) 6i (8) • • • (8) 6i, 
#( 2 J) : = 61 <g> 61 <g> • • • <g> 61 <g> b 2 ® h ® ■ ■ ■ ® 61. (2-15) 



Further for odd n case, we define, 



# (n) := b 3 ® 61 <g> • • • ® 61 <g> 61 <g> • • • <g> 61, (2-16) 

and assume that e\l/ (i) = Further define * as in (2-13). Then \l/ (a:) is an 

element of Cliff (R n ) (a = 1, • • • , n) satisfying 

^{di}7( e6 )^{d;c} = ' n °t summed over a. (2-17) 

As we wish to consider a spin principal subbundle over S induced from spin principal 
bundle over E n , we recall the facts: 

2.9 Lemma. 

(1) For k <n, CLIFF c (R fc ) is a natural sub-vector space o/CLIFF c (R n ) by the inclu- 
sion of generators such that CLIFF ceven (R fc ) is a subring of CLIFF ceven (R n ) . 

(2) For k <n, SPIN(R fc ) is a natural subgroup o/SPIN(R n ). 

Proof. The statements are proved by considering five cases. 1) k = 21, n = 21 + 1 case, 2) 
k = 2/, n = 21 + 2 case, 3) k = 21 + 1, n = 21 + 2 cases, 4) k = 2Z + 1, n = 21 + 3 case, and 5) 
otherwise. The fifth case can be proved by combinations of the other cases. The first case 
is trivial. The second case is a key because the third and forth cases are similarly proved 
as the second case. Therefore we concentrate our attention only on the k = 21, n = 21 + 2 
case. Recalling the facts in 2.8, we have a natural inclusion as a set by the generators for 
the bases e.'s of R fc and E z 's of R n , 

Tk,n ■ l{ei) i-> i(Ei) := a x <g> 7^), % = 2, 3, • • • , k, (2-18) 

and define T k ^{e i )^{e j )) := T k ^(e i ))T k ^(e j )), T k ^{e i )^(e j )-f(e k )) := T k ^(ei)) 
T k , n (l(ej)) Tk,n(l(e k )) and so on. On the other hand, for c 1 G CLIFF(R fc ), we have a 
natural inclusion as an algebra, 

6 fc , n : CLIFF(R fc ) ^ CLIFF (R n ), C z = a <g> a, (2-19) 

and then we have homomorphism, i k}n (ciCj) = i- k ,n(ci)i-k,n(cj)- We note that for 1 < i, j < 
k, ^(Ei)^(Ej) = L kjH ('j(e i ) r y(ej)) and thus in even subring CLIFF even (R n ), image r and 
1 agree. Thus (1) is proved. Accordingly exp(T kjn ('j(ej)'y(ei))) can be regarded as an 
elements of SPIN(R n ) and (2) is proved. □ 

§3. Construction of Submanifold Dirac Operator 

An algorithm to construct submanifold Dirac operator is the following six steps. 
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Step 1: Set the Dirac equation JSe^e™ = in a euclidean space E n and embed 
the /c-smooth Spin submanifold S into E n (0 < k < n). 

Here we will give our notations in order to express the Dirac equation J3e™^e™ = 0. 

3.1 Clifford module etc.. 

(1) Let CLIFF V(T*E n ) denote the Clifford bundle over E n which has the Clifford 
ring CLIFF c (R n ) structure associated with the cotangent bundle T*E n and the 
set of differential forms 0(E n ) := YT a =i ^ a (E n ). 

(2) Let CliffE"(T*E n ) denote the Clifford module over E n associated with the cotan- 
gent space T*E n , which is modeled by Cliff (R n ). 

(3) Let ifpt denote the natural bijection between the spaces as a CLIFF V(T*E n )- 
module modeled by (2-13), i.e., 

ip pt : r(p, Cliff E ™(T*E n )) -> r(p, Cliff E "(T*E n )*), (3-1) 

for a point p in E n . 

(4) For an orthonormal frame e l G T*E n at p G E n , let 7{ e } denote the 7-matrix as 
the map from 0(E n ) to CLIFF C E ™ (T*E n ) as (2-7), 

7{e} : e* » 7{e} (e l ) G CLIFF c E n (T*E n ) \ p . (3-2) 

For later convenience, we also employ a notation for a one-from du^ — Efe 1 G 

r^o^E-)), 

7 {e} (^) = £f 7{ e } (e l ). (3-3) 

For simplicity, for a Cartesian coordinate system (x l ) = (x , ■ ■ ■x n ) in E n we fix 
e* = dx i and in T s , let e^ = in 2.2 (8). 

(5) Let SPIN E ™(T*E n ) denote a spin principal bundle over E n . Let a natural bundle 
map from SPIN E «(T*E n ) to SO(n)-principal bundle SO E ™(T*E n ) be denoted by 
r E s for p G E n , the orthonormal frame e G T*E n and e n G SPIN p (T*E n ), the 
action of SO(n) is defined by 

r E .(e")e-=7 { - 1 } (e n 7 {e }( el ) e " n )- ( 3 " 4 ) 

(6) The Dirac operator J3 E ™ in the euclidean space E n , as an endomorphism between 
germs of Clifford module Cliff E ™ (T*E n ) over E n , 

0e« : r(p, Cliff E « (T*E n )) -> r(p, Cliff e« (T*E n )), (3-5) 

whose representation element is given by 

¥>x,{dx} = l{dx}(dx l )d x i ■ 



It is obvious that the following Proposition holds. 
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3.2 Proposition. For a point p e E n and a doublet {dx} , * {dx} ) in T(p, Cliff E « (T*E n )*) x 
r(p, Cliff E "(T*E n )), the followings holds: 

(1) ^■* {da;} (a;)7 {da;} (da; i )*{ ( ic C }(^)^ « an e/emeni ofT(p, Q 1 (T*E n )). 

(2) is an element o/T(p,C E ™). 

Using the conventions (2-11), the following proposition is easily obtained. 

3.3 Proposition. For a point p in E n , {^^-j. := S e [ a ] } a =i,--- ,2[™/ 2 i satisfy the Dirac 
equation, 

Px,{dx}^(x) = 0, 

and are bases o/ r(p, Cliff e™ (T*E n )) as a r(p, Ce«) -vector space. It means that they are 
also the bases of the fiber Cliff p (T*E n ) of Cliff E » (T*E n ) at p. 

Further noting (2-17), we have the following important proposition. 

3.4 Proposition. T/iere exist ^^ dx y (i = 1, • • • ,n) and ^{ dx j := ^(^{dx}) satisfying 

n 

E *{I}7{dx}(d^>{l } cfa* = <fc*. 

We note that since W p := T(p, Cliffs™ (T*E n )*) x T(p, Cliff e™ (T*E n )) has a point-wise- 
pairing • as mentioned in Proposition 3.2 (2), for a point p G E n , 7Y P := (W p , •, y P t) becomes 
the preHilbert space and due to Proposition 3.2 (1), W p gives stalk F(p, SOE™(T*E n )). 

Step 2: By setting the canonical parameterization in the tubular neighborhood 
T s of S, let the Dirac operator, the Clifford module and so on be expressed by 
the parameterization. 

Let T VC (T S , Cliff E "(T*E n )) denote a set of sections of the Clifford module Cliff e™ (T*E n ) 
whose support is in Tg. We go on to express its stalk at p G Ts by r„ c (p, Cliff e« (T*E n )). 
Let $> {d Q denote a germ of F(p, Cliff E « (T*E n )) for a point p G T s . Recalling (3-3), 
dx* = E l ^du^ and decomposing E l = G^K l v as dx* = A l M d£ M , we can find e a G 
r(p, SPINe« (T*E n )) satisfying the following relations, called gauge transformation, 

® {d0 (u) = e- n V {dx} (x), ^ {dC} (n) = y {dx} (x)e^, 



e-^ {dx} (dx*y i = 7{ ^ } ( A V^) 

=A* p G/G/ 7{dC} (dD 

=£>{do(^)- 
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(3-6) 



As ^ {d£} = Ppti^ {d$})i fpt does not depend upon the orthonormal frame. In terms of 
these expressions, we have an assertion of Proposition of 3.2, 

{dx}{x)l{dx}{dx 1 )^ {dx} (x)dx J = g Ts ^ {d ^ } (u)^ {d ^ } (du^ {d ^ } (u)du" , 

y {dx} (x)y {dx} (x) = y {d0 (u)y {d0 (u). (3-7) 

Further the representation of the Dirac operator ¥*x,{dx} is transformed to 'pu,{d£} by 
means of the gauge transformation, 

Pu,{d£} = e"" P x , {dx }e n = 7{dC}(^)e" n 9 M e n 

= 7 { d C} (^)(d M + ^Q). (3-8) 

Then we have the following lemma: 

3.5 Lemma. We can regard TZ> u ,{d£} as a representation of a map J3t s , 

¥> Ts : T vc (p, Cliff E ™(T*E n )) -> T vc (p, Cliffy (T*E n )), 
/or a pozni p in Tg 

Noting Lemma 3.5 and the fact that zero-section is in Cliff e™ (T*E n ), it is not difficult to 
prove that the solution space of = OinT(p, C| l ,T /21 ) belongs to T(p, Cliff E ™ (T*E n )). 

Since Jft u is a 2t n / 2 l x 2t n / 2 ]-matrix type first order differential operator of rank 2^ n / 2 \ 
the solution space gives a 2 1 71 / 2 ! -dimensional orthonormal frame in T{p, Cliff e™ (T*E n )) as 
a T(p, CE™)-vector space. In fact, due to Proposition 3.2, we can find one as e~ Qi £{ dx y by 
the gauge transformation. 

Noting the Propositions 3.2-3.5 and (3-6)-(3-8), we have a key proposition: 

3.6 Proposition. 

(1) For a point p G T$, there exist ^^) a =i,— ,2[«/ 2 i ^ n r(p, Cll 7 ') such that they 
are orthonormal frame in F(p, Cliff e« (T*E n )) and satisfy the Dirac equation 

P„ l{ d£}*{d€}(«) = 0, (3-9) 

i.e., 

*{ a i}*{ 6 i} = ( 3 - 10 ) 

(2) For *' a J x} G r(p, Cliff E »(T*E n )) in (1) and tfj-j^ G r(p, Cliff E « (T*E n )) zn Propo- 
sition 5.5, i/iere eziste a germe n G r(p, SPIN E » (T*E n )) as a (2^/^ x 2^) -matrix 
satisfying 

= (a = !,•••, 2^2]). 
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(3) For e n E T(p, SPIN E « (T*E n )) in (2), by letting := e~ a ^f dx} for (i = 

1, • • • , n) in Proposition 3.4, we have the relation, 

gT s ,^%(uh { ^ } (dun^ } (u)du" = dx\ (i = 1, • • • , n). (3-11) 



Proof. The proof of this proposition is done by the gauge transformation except well- 
defmedness of (3-11). We should check the dependence of the ortho normal frame ^^}- 

Let us take another one ^{^t.- By letting e n ' defined as ^^} x y = e n '\I/|^j, we have 
= e ~^ e ^ ^{dl}' When one rewrites (3-11) in terms of the frame there appears 

e -n epry^j^du^Q-Mep However as both are solutions of the Dirac equation (3-9), the 
gauge transformation for e _f2 e f2 must leave the Dirac operator invariant. Hence the 
component gives that e~ n ' e n ^^j(du^)e~ n e n ' = -f^y^du' 1 ). (3-11) does not depend on 
the choice of the orthonormal frame. □ 

Here in order to investigate the domain of the new Dirac operator, we wish to apply the 
facts in Lemma 2.9 to the fiber bundles. Let CLiFF c s (T*S) (or CM S (T*S)) be restricted 
its base space to the submanifold S by CLIFF c E «(T*E n )| s (or Cliffy (T*E n )| s ) as a vector 
bundle over S. As the fiber of SPIN p (T*S) is a subgroup of SPIN p (T*E n ), we also express 
SPIN s (T*E n ) := SPIN E ™(T*E n )| s . Here the reader should note the difference between 
r(p, Cliff s (T*E n )) and T(p, Cliffy (T*E n )); the former is {ip(s)} and the later is {ip{u}}. 

3.7 Definition. 

(1) Let us denote the inclusion as a set due to the correspondence of generators modeled 
by Lemma 2.9, 

r S)E n : CLIFF C S (T*S) - CLIFF C S (T*E™), (r s , E n : Is^cM) ^ 7{^}(0), 

so that this map induces a ring homomorphism from CLIFF s (T*S) — > 
CLIFF s (T*E n ). Here ^s,{dc,} denotes the 7 -matrix over S associated with T* S 
and its orthonormal frame {d^}. 

(2) Let us denote the inclusion as a group modeled by Lemma 2.9, 

l s ,E" : SPIN S (T*S) -> SPIN s (T*E n ). 



Step 3: In order to construct a self-adjointization of the normal differential 
operator, let us define a pairing in T5. 

As q is a natural coordinate of Tg and we are now considering the affine geometry in 
category of differential geometry, let us introduce the Haar measure with respect to the 
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local affine transformation along the normal direction {q}, which is an invariant measure 
for the rotation and translations of q, i.e., 

e & d V g]J 2 d k sd n - k q = gy 2 d k sd n - k q. 

Here g]J 2 is not a mistype of ' . We call this measure normal affine invariance measure. 
Further we prepare a generic normal differential operator d± := b a d q & for generic real con- 
stant number 6 a, s. As mentioned in Introduction, we apply the scheme in the submanifold 
quantum mechanics to this operator. 

3.8 Definition. For a point p £ S and *2,{d£}) e T vc (n^(p),Cm E ^(T*E n )*) 
xT vc (tt^(p), CliffE«(T*E n )), we introduce L 2 -type pairing < | > in Ts as a fiber integral, 

< Vi, {dx} \ p„ l{ de}*2 ) {de} >= / _ 9T S 2 d n ~ k q^i, { do( u ) Pu,{do^2,{do(^) e r(p,c s ), 

and a transformation ?] sa so that its measure is the normal affine invariance measure, 

< *l,{d£}| P«,{d£}*2,{d£} >=($l,{d£}| P«,{d£}$2,{dx}) 

= / ^ /2 rf n " fc #i, { dx}(«) p Ul {d€}(M)^2,{d*}(«) e r(p,c s ), 

where 

$l,{d£} := %a(*l,{d£}) = PS, 1/4 *l,{d€}. $ 2,{d?} := Tfea(*2,{d€}) = PS 9 V4 *2,{d£} > 

P«,{d€} := r?sa(0«,{d*}) = PS 9 1/4 ^ u , {d?} p Sq - 1/4 . (3-12) 

Further let (p pt denote Vs^ptVsa ■ 

We should note that rj sa , can be defined for more general differential operators but for 
simplicity, we only define it for the Dirac operator. Further as the metric Qt s is n °t 
singular, i] sa gives diffemorphism. The following Lemma is naturally obtained. 

3.9 Lemma. For points p G S q and p' G S, the triplets 

% := (r] sa (r vc (p, Cliff E .(T*E")*) x F vc (p, Cliff En (T*E n )), •, <p p t), 

and 

W := ( Vs ^vc(7r^p',CliS Kn (T*E n y) x r vc (ir^p', Cliff E « (T*E n )), (|), 
become preHilbert spaces. In W , The operator d±_ is anti-hermite, i.e., = — <9j_ for each 

ba- 
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Step 4: Decompose p Ts to normal part and tangential part. 

Noting the orthonormal frame d£ in Ts consisting of (d^ 1 , ■ ■ ■ , d( k , dq k+1 7 ■ ■ ■ , dq ri ), let 
us decompose px s to 

P«,{d€}=Pl >{ de}+Pi{d€}. (3- 13 ) 
where P„ {^-j. := 7{^}(^'? a )5 g «- Then the following lemma is not difficult to proved. 
3.10 Lemma. 

(1) p|[ does not contain the vertical differential operator d q *. 

(2) Pi {d0 * = -Pi {d0 inH'. 

(3) For a point p E Tg, P^{^} ^ s a homomorphism of Clifford module, 

Pi{d€} : 7/8a(r wc (p,CUff(T*T s ))) - rUr, c (p,Chfi(T*T s ))). 



For a point p E Ts, let us define a projection n, 



tt : r7 sa ((r„ c (p, Cliff (T*T S )*) x r wc (p, Cliff (T*T S )))) - (Ker p (Ad(0j.)) x Ker p («9 ± )), 

where Ker p (P) denotes the set of germs of the kernel of P at the point p and Ad(P) 
denotes the right-adjoint of P. Here we note that Ker p (<9j_)(c T vc (p, Cliff (T*T$)) is given 
as the intersection of Ker p (<9d,) for every a = k + 1, • • • , n. 

Then noting (2-6) and the fact that ps q = 1 at 5, it is obvious that the following 
relations hold. 

3.11 Lemma. 

(1) <fi P t\s = <P P t\s andi] sa (y {dl : } )\s = ^{dt}\s forp E S and^ {d ^ } E T vc (p, Cliffy (T*E n )) . 

(2) For a point p ET S , fi pt \Ker p (d ± ) is a bijection: 

(Ker p («9 ± ))* := <p pt (Ker p {d ± )) » Kev p (Ad(d ± )). 

(3) tv consists with the inner product, tv* = tv, 

■Ktfipt = (fiptTT, and ncppt = (p pt n at S. 

(4) For a point p E Ts, the triplet H p := ((Ker p (<9j_))* x Ker p (<9j_), •, <fi p t)- becomes a 
preHilbert space. Let H P (S ^ E n ) := H' p forpE S. 

(5) Any element in Ker p (<9_|_) belongs to kernel of {d£}> ^ e -> 

Ker p (d ± )cKer p (^ {d?} ). 
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Step 5: Define submanifold Dirac operator fl s ^ En at S E n by restricting its 
domain Kers(<9j_). 

Let us define ]ps^E n by restricting the its domain as U P es Ker p (<9j_), i.e., 

fts<^E" :=pT s \]l peS Ker p (d ± ), (3-14) 

with a local expression $> s ,{d£} :=P u ,{d£}|<7=o,d g =o =Pu,{^}lg=o whose explicit form is given 
by the following proposition. 

3.12 Proposition. For abbreviation of rs,E n (7s,dc(ds a )) by its image 1{d(,}(ds a ) , the 
explicit form ofp s ^} ^ s given as 

%>s,{dt} = rs )E "Os, s ,{dC}) +7{dC}(^ a ) tr fcxfc(7 a d/3), (3-15) 
where tys,s,{d£} * s a proper (or intrinsic) Dirac operator of S, 

¥>s,s,{d(} = l{d£}(ds a )(d sa + <9 s «O| g=0 ), (3-16) 
by fixing the coordinate s and the orthonormal frame {d(}. 

Proof. [BJ, Matl-10, MT] From (2-6), p Sq 1/A = 1 + ^tr fcxfc ( 7 « ^q* + 0(q & q^). Hence, 

PS q 1/4 d„ps q - 1/4 = d & - ^tr fcxfc ( 7 a Q/3 ) + 0(q«), 

PS q 1/4 d aP s q - 1/4 = d a + 0(q«). 

The second term in (3-15) is obtained. As ts,e™ induces the group inclusion ts,E n , we 
proved them. □ 

Following proposition is important but is not difficult to be proved. 

3.13 Proposition. For a point S, the stalks ofT(p, Cliffy (T*E n )) and F vc (p, Cliffy (T*E n )) 
are bijective. 

As we are dealing with a germ at a point p in S hereafter, let us neglect the difference 
between T(p, Cliff E « (T*E n )) and T vc (p, Cliff E » (T*E n )). 

Let p denote a point in S. We are considering the kernel of at p as a domain of 

the Dirac operator p s ^ En . For given ifio(s) G r(p, Cliffy (T*E n )), we assume that $(w) G 
r(p, Cliff E "(T*E n )) satisfies = with a boundary condition $(s,0) = ipo(s) at 

5". The existence of $ is obvious because we can find its solution as $(w) = ipo(s) due to 
d q aifjo = 0. Therefore we regard that T(p, Cliffs(T*E ri )) is a subset of Ker p (d±). Further 
we can evaluate $(it) G Ker p (<9j_) around a point p in £ as 

= ^o(s) + £ M*)<f + E V + ■ ■ ■ > ^d(s) = (3-17) 

where Vo(s) G r(p, Cliffy (T*E n )), ^(s), V^(s) e r(p,C|L" /2 ') and so on. Accordingly we 
can identify Ker p (d ± )| g=0 with F(p, Cliff s (T*E n )) for a point pe S. 

Thus noting the fact that p s ^^} is expressed by coordinate-free expressions and does 
not include d q a. Definition 3.7, Lemma 2.9, 3.11 and Proposition 3.12 we have the following 
proposition: 
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3.14 Proposition. The Dirac operator TO $^E n ^ s an endomorphism in germs of Clifford 
module Cliffs(T*E n ) at a point p in S, 

p s ^ ■ r(p, ciiff s (T*E n )) - r(p, cm s (T*E n )), (3-18) 

whose representation element is given by p Sj ^}- 

Step 6: Consider solution of the submanifold Dirac equation ps^E™ip = of 

Let us consider the solution of ps^E n i^ = at a point p G S. For non- vanishing 
tp G T(p, C| [ ,T /21 )) such that 

Ps,{d^(s) = 0, (3-19) 
ip(s) can be regarded as an element of T(S : Cliffs (T*E n )). By solving a boundary problem 

for$( w )er(s,ci l ; /2] ), 

Kvo^ = °> ( 3 - 2 °) 

with boundary condition 

$\s = il>, at S, (3-21) 

we have satisfying ]JJI U) ^}$(w) = and B^^r/" 1 ($(«)) = at p G S 1 . 

Noting that p u ^ d ^\ q =o =p 8 ,{d£} + Pu ano - does not include the parameter 

we can apply the separation of variables to this system. Thus it is expected that there 
exists an orthonormal frame (vr&®{d£})a=i,---,2\. n / 2 ] m T(p, Cliff e™ (T*E n )) such that each 
^{d£} belongs to Ker p (d±) and satisfies the Dirac equation (3-20); each (vr&®{d£}) * s a solu- 
tion of the Dirac equation (3-9). Noting Lemma 3.11 (1), we regard ($^-j.| g= o) a= i i ... ^i™/ 2 ! 
as the orthonormal frame of T(p, Cliff5(T*E n )) and solutions of the submanifold Dirac 
equation (3-19). 

Inversely, as the Dirac operator p s ^} is also a 2t n / 2 l x 2t n / 2 ]-matrix type first order 
differential operator, let us assume that we find an orthonormal frame of T(p, Cliffy (E n )) 
belonging to the solution space of the submanifold Dirac equation (3-19). Let it be denoted 
b y ^{di} ( a = 5 2 [n/2] ), i.e., V P t{V{l i} W{ di } = *a,6- For each ipf d \ } (s), we find an 

element ^/^y(u) in the solution space of P Uj ^}Vsa,(^( u )) = or ^) u ^y^(u) = with 
the boundary condition &^y(u)\ q =o = W^y(s) at p. 

Then due to Proposition 3.6 (2), we have an element of e n G T(p, SPINe» (E n )) such 
that, 

*tl } = e n *&>> ( a = 1 »- > 2[n/2] )- 

Using the element, we define := e- n ^ x} , (i = 1, • • • , n). Then Proposition 3.6 (3) 

gives the relation, 

gTs^fi^lid^du^^du" = dx\ (i = 1, • • • ,n). (3-22) 
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Therefore by denning V , {^}( s ) := ^ {d£}( u )\<i=o and extracting the ds a component, we have 

fs,a/3^ { ^}7{dC}(^ Q )e ni '0{j s} = (« = !,••• ,n,a = l,--- (3-23) 

This is a representation of the tangential space of £ or the generalized Weierstrass relation. 
Here we note that is ^ so a solution of the submanifold Dirac equation (3-19). 



As mentioned above, our theory is locally constructed and obtained objects do not 
depend on the local parameterization. Accordingly we can easily extended it to that 
for a general smooth spin /c-sub manifold in immersed E n . In other words, we regard 
the assumptions in 2.2 as those for a local chart of the submanifold S. Since E n is a 
spin manifold, we can define Cliff E « (T*E n ), SPIN E ™(T*E n ) and their global sections. By 
restricting it on S, we have Cliffs (T*E n ) and SPIN s (T*E n ) structure over S. On the 
hand, S has its own CliS s (T*S) and SPIN S (T*S) structure. Due to Proposition 3.12, S 
has the submanifold Dirac operator fls^E™ with the local representation. 

3.15 Theorem. A smooth spin k- submanifold S immersed in E n has a Clifford module 
Chffs(T*E n ) by locally constructing in terms of the solution space of the submanifold Dirac 
equation ps^E n i^ = at each chart and then the solutions give data of tangential vector 
in TE n at each point as follows: 

Letp G S be expressed by an affine coordinate (x l ). In a set {ifj} of non-vanishing germs 
ofT(p, C| [ 1 ] ) satisfying p aj {d£}ip = 0, there exists an orthonormal frame {^^y}a=i,— ,2i n / 2 i 
(c {V 7 }) °f r(p 5 Cliffg (T*E n ) as a T(p, Ce») -vector space. For these bases, there exists a 
germ e a e T(p, Spin E „ (T*E n )) such that they are transformed to V^^ x y\s}a=i,--- ,2[™/ 2 i 
by = e- n ^l } \s, (a = l,---,2^). We define ^ := e-^f dx} \ s and^ := 

^{lx} e ~ Q \s (* = !>••• ? n )- Then the following relation holds: 

gs^^irsMls^}^))]^ = <W> (i = l,--- ,n,s = l,--- ,k). (3-24) 

This is the generalized Weierstrass relation for a spin submanifold immersed in E n . 
Since the equation is given by the local argument, the proof of the theorem does not 
require a global argument at all. 

We note that even though we fix the coordinate system, for a point p in S, 

gives a data of embedding T*S m R h in T*E n m R n up to ac- 

a=l,'" ,k,i=l,--- ,n 

tion of GL(M fc ) and GL(M n_A: ). In other words, the submanifold Dirac operator ps^E n 
exhibits data of Grassmannian bundle over S. 

18 




As we have assumed the canonical parameterization on T$ in the definition of the 
submanifold Dirac operator, it should be extended to one without the assumption. Then 
we can argue the global behavior of the submanifold Dirac operator p$^E n and its zero 
modes over S. It is expected that the zero modes bring us a global data of the orthonormal 
frame of Cliffs (T*E n ), e.g., topological defect and so on. Of course, for the low codimension 
cases, we can find the global form of fts^E n easily and then we can also argue it. Inversely, 
if a /c-spin manifold M and a differential operator over M satisfy appropriate conditions, we 
also obtain the data of immersion of M in E n following the philosophy of the Weierstrass 
relation. 

3.16 Remark. The generalized Weierstrass relation for a conformal surface in E 3 was 
discovered by Kenmotsu [Ke] as a generalization of the Weierstrass relation for a minimal 
surface in E 3 . The Dirac type relation was found by Konopelchenko in 1995 [Kol] and 
I showed that the submanifold Dirac equation is identified with the relation [Mat8]. I 
also computed the submanifold Dirac operators for the generalized Weierstrass relation 
for a conformal surface in E 4 , which was also discovered by Konopelchenko [KL, Kol-2] 
and Pinkall and Pedit [PP]. Recently there are so many studies on the relations between 
submanifolds and Clifford bundles [Bo, Kol-2, KL, KT, Fr, Tail-2, Tr]. However no article 
mentioned the transformation rj sa as long as I know. For this decade, I have applied the 
transformation to the relation between the Dirac operators and submanifolds, especially 
curves immersed in E n . For the curve case, the submanifold Dirac equation is identified 
with Frenet-Serret relation [Mat 1-7]. However I could not reach the direct connection 
between a more general submanifold and zero modes of the Dirac operator because the 
net meaning of the transformation remained as a question in my mind. After the confer- 
ence, I noticed the essentials of the submanifold quantum mechanics as mentioned in the 
Introduction, which naturally leads me to the further generalized Weierstrass relation or 
Theorem 3.15. 

Though we did not mention in this article, it is known, from the physical point of view, 
that the obtained Dirac operator has the following properties; 

(1) The index of the Dirac operator is related to the topological index for the case of 
curves [Mat2, 5]. 

(2) The operator determinants are associated with the energy functionals, such as 
Euler-Bernoulli functional and Willmore functional for the cases of space curves 
and of immersed conformal surfaces respectively [Mat6, 10]. 

(3) The deformations preserving all eigenvalues of the submanifold Dirac operators 
become the soliton equations, such as MKdV equation [Mat 2, 6, 7, MT], complex 
MKdV equation, Nonlinear Schrodinger equation [Matl, 3], modified Novikov- 
Veselov equations [Kol, Ko2, KL, KT, Tail] depending on submanifolds. 

As we showed in this article, we modeled the theory of Thorn class [BT, BGV] on con- 
struction of this theory of the submanifold Dirac operator. Both stand upon vary similar 
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geometrical situation. As the Dirac operators are generally related to some characteristic 
class of fiber bundle, it is expected that the submanifold Dirac operator might be related 
to the Thorn class and/or generalization of Riemann-Roch [PP]. 

Further our scheme does not need global properties and thus might be extended to a 
subgroup manifold immersed in more general group manifold with a Casimir operator and 
a Haar measure as a continuous group version of induced representation for finite group. 

§4. Dirac Operator on a conformal surface in E 4 

As an example, we will consider the case of a conformal surface immersed in E 4 . In 
[MatlO], we gave an explicit local form (4-1) of the submanifold Dirac operator in this 
case and a conjecture that the submanifold Dirac operator represents the surface. As the 
conjecture was actually proved by Konopelchenko [KL, Ko2] and Pedit and Pinkall [PP], 
we will give another proof of the conjecture by means of the submanifold Dirac system 
method. This means that my conjecture in [MatlO] was based upon physical assurance. 

First we will give the properties of the Dirac operators in a conformal surface [P]. For 
the case of a conformal surface S in E n , we can set the metric given by 

gSa/3 = P&ap, 

and the orthonormal frame {d(} given by d( a : = p~ x l 2 ds a . Let complex parameterization 
of S, dz := ds 1 ± \J — Ids 2 . We introduce another transformation r] con f as follows. For a 
point p E S and G r(p, Cliffs (T*E n )), let </? {d?} := i] coni (V>{d£}) = p 1/2 ip{d£} and 

Vidt} '■= Vconf (il>{dt}) = Vyt^idi})- Then we have the following properties. 

4.1 Lemma. 

(1) The proper Dirac operator of S is given by 

by letting 7s,{dC}( rf C a ) = o a ■ 

(2) For a doublet (^ {d?} ,v?{d£}) in V coni l-L p {S ^W 1 ), ^{^}rs,E«[7{d?}(^ a )]v 7 {dC} rfsQ 
is invariant form for choice of local parameterization of S . 

Proof. (1) is obvious [P, Mat8-9]. By setting 'j^y(ds a ) = p~ 1 ^ 2/ J{d^}(d^ a ) : the relation 
in Proposition 3.2 (1) becomes 

9Sa0l(>{de}TS,E" [l{dH} (ds a )]i) { dt}ds a = ^ {d ^}TS,E" [l{d£} (<*f ")] <P{d£}ds a , 



and thus (2) is proved □ 
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4.2 Proposition. 

(1) For the case of a conformal surface in E 4 , the submanifold Dirac operator is given 
by 

( }Pc d \ 

d -p c 

Pc d 



fls,{d£} = 2 



V d -p c 



(4-1) 



/ 



where d := (d s i — \f^\d s i)j2, d := (d s i + >/— Td s 2)/2 and p c is 

Pc := -^ 1/2 tr 2x2 ( 73 ^ + V^T^)- 

(2) Let E 4 « C x C G (Z 1 , Z 2 ) = (x 1 + y^lx 2 , x 3 + ^lx A ). For the affine coordinate 
(Z 1 , Z 2 ) of the surface, the relations, 

dZ 1 = fmdz — gndz, dZ 2 = fndz + gmdz : dZ =dZ 1 , dZ =dZ 2 , 



hold if ip i : = 







f \ 


9 










f2 ■ = 


m 


\oJ 







are solutions of 



fts,{d£}¥a = 0, 

and (\f\ 2 + \g\ 2 )(\m\ 2 + \n\ 2 ) =p 1 ' 2 . 

Direct computation leads the next lemma. 

4.3 Lemma. For the four dimensional euclidean space E 4 , we can fix the representation of 
the gamma matrices of '{dx 1 } system as r ){dx}{dx l ) = a x ®a l fori = 1, 2, 3 and^^dx}{dx A ) = 
a 2 ®1. By letting 




1 

W 



i 





#3 








1 
1 



*i = (0, 1, 0, 1), * 2 = (1, 0, 1, 0), #3 = (0, -1, 1, 0), and # 4 = (1, 0, 0, -1), we have the 
following relations: 

^^^{dx^dx^idx 1 = 2dZ u ^^2l{dx}(dx l )^ 2 dx l = 2dZ u 

i i 

J2^3l{dx}(dx i )^f 3 dx i = 2dZ 2 , J2^^{dx}(dx l )^ 4 dx l = 2dZ 2 . 
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Proof of Proposition 4-2. (1) is proved by Theorem 3.15. We consider (2). For yVs, their 

f-J\ ( \ 

f 

independent partner solutions are given by : = 



(p 4 



—n 



Since we have 





V / 

fixed 7s,{d£}(^C^) = ■> the convention in 2.8 gives 

T S ,Eihs,{do(d(P)) =a 1 ®a /3 . 

We define (p\ := <p\ + <p2, 02 '■= ^3 + 03 '■= <fi + <fi4, and 04 := <ps + <fi2- Let us assume 
that (p a = p 1/2 e Q ^ a \ q=0 (a = 1, 2, 3, 4) of Lemma 4.3. Then we find the spin matrix as 



f -j \ 

p / 0_ 

0m — n 

n m J 



We have these dual bases, </? a = \l/ a e n | 9 ^ =0 , and obtain the relation, 

2dZ 2 = <^ 3 ai <g> a a (p^ds 01 , 2dZ 2 = v5 4 o"i ® a a (f>4 : ds a . 
Explicit representation of them proves (2). □ 
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